I. INTRODUCTION
Light capture and gas exchange associated with photosynthesis take place in plant leaves, organs strikingly adapted for these processes that are essential to life on Earth. A wide range of morphological and physiological traits are expressed in plant leaves. This has been appreciated since antiquity [1] , but recent studies have revealed that only a remarkably small portion of the available trait-space is occupied by extant species [2, 3] . The physical mechanisms that impose constraints on the traits favored by evolution, however, remain poorly understood. A particularly intriguing case is that of needle or scale-bearing gymnosperms (conifers). Most species (75%) in this group have leaves that are shorter than 6 cm in length; only one genus (Pinus) has multiple species with needles longer than 25 cm. By contrast, leaves on broad-leaved angiosperms grow much larger. The mechanisms that limit the size of conifer needles are unknown.
Plant leaves are typically thin and flat, thereby maximizing the surface area exposed to light and promoting photosynthesis in which light energy is converted into chemical energy stored in sugar molecules. Leaves are generally arranged on the plant so as to expose their surfaces to light with little self-shading. Leaf size and shape is influenced by a number of factors, including light interception, gravity, wind, temperatures, herbivores, and vascular transport efficiency [4, 5] . The greatest diversity is found among broad-leaved angiosperm species, where leaf diameter spans three orders of magnitude, from 10 −3 m to 1 m [2, 6] . By contrast, many gymnosperm species have slender needle-or scale-like leaves, which are significantly smaller. Although needles and scales are thought to be advantageous in dry or cold climates frequented by snow and frost, the mechanistic explanation why their size is constrained is missing [2] .
The vascular architecture of leaves may hold clues to the reason for the difference in size between angiosperm and gymnosperm leaves. It is well established that a major * khjensen@fysik.dtu.dk innovation in angiosperms concerns xylem vessels, the vascular conduits that deliver water to leaves actively used in photosynthesis and passively lost to the atmosphere while obtaining CO 2 . Angiosperm vessels are longer and largerdiameter conduits than gymnosperm tracheids, permitting higher hydraulic conductivities. This, together with a greater density of leaf veins, has made it possible for angiosperms to extend the range of leaf photosynthetic capacities to higher values and presumably also contributed to the evolution of large leaves in angiosperms [7] .
However, the situation is remarkably different for the phloem vascular conduits, which transport sugars produced by photosynthesis between leaves and sites of growth or storage (e.g., roots, fruits, and shoots). In the stem, the cross sectional area A of phloem conduits is approximately equal in angiosperms and gymnosperms (A stem ∼ 500-1000 μm 2 ; see Ref. [8] ). In contrast, phloem conduits in conifer leaves are remarkably small, with areas in the range A ∼ 3-10 μm 2 [9] . While the factors that limit phloem cell size to this range in conifer leaves are unknown, it is clear that the length and size of vascular conduits must impose constraints on sugar export rates. The pressure differential p required to drive flow over a length L scales inversely with the conduit area A, as p ∼ uLη/A, where u is the flow speed and η is the sap viscosity. Thus a long and narrow tube requires a relatively large pressure p to sustain similar sugar export. However, because the sap flow is driven by osmosis, the available pressure is always limited by the cell's osmotic pressure, i.e., p RT c, where R is the gas constant, T is temperature and c is sugar concentration. This is likely to reduce the efficiency of transport in relatively long needles.
Nevertheless, it should be noted that gymnosperms dominated the Earth from around 300 million years ago (mya) until the evolution and diversification of angiosperms (∼120 mya) and still have an advantage over angiosperms in extreme environments. Moreover, conifer trees hold the records for the world's tallest (112.7 m, Sequoia sempervirens) [10] , widest (14.5 m, Taxodium mucronatum) [11] , oldest (∼4900 yr, Pinus longaeva) [12] and largest (1486 m 3 , Sequoiadendron giganteum) [13] trees. These numbers suggest that although various factors may limit the absolute size of conifer leaves, the organisms are not suffering from small leaf size and we can expect photosynthesis and sugar export from conifer leaves to be highly efficient.
To explore the organization of flows within needles, and to rationalize the limits to their size, we proceed in the following way. First, we present data which demonstrate that conifer leaf lengths occupy a narrow range of sizes. Then we develop a mathematical model for sugar export from a slender leaf. Next, we explore the dependence of the sugar export rate on the geometric and material parameters. We show that a characteristic needle length exists, above which sugar export becomes inefficient due to the formation of a region of stagnant fluid near the needle tip. Finally, we conclude and discuss the implications for our understanding of observed leaf lengths in nature and related physiological transport problems.
II. RESULTS

A. Conifer leaf size
A wide range of morphological and physiological traits are expressed in plants. To our knowledge, the diversity in leaf size and function was first discussed systematically by Theophrastus around 300 BC, who noted that "To sum up, the differences between leaves are shewn in size, number, shape, hollowness, in breadth, roughness. . . . These are all the differences in leaves stated somewhat generally, and this is a fairly complete list of examples" ([1], p. 77). This classic and countless subsequent works have contributed to our understanding of the factors that influence leaf size and shape [4, 14] . Diaz et al., however, recently reported that while diversity may appear almost unbounded, only a relatively small portion of the available trait space is occupied by extant species [2] . Only particular ranges of traits-for instance, plant height, stem density, seed mass, and leaf size-are found in nature. The reason for this confinement remains elusive, and Diaz et al. state that "Our results are correlative and cannot prove rigorously why such a large share of the potential trait volume is not occupied. Still, from first principles many more combinations of traits than those observed seem feasible as far as biomechanics and evolutionary genetics are concerned" ([2], p. 170).
The greatest diversity in leaf size is found among broadleaved angiosperm woody species, where leaf diameter spans three orders of magnitude, from 1 mm to over 1 m [6] . The median leaf length from over 1900 species representing 95 families was 18 cm with 97% of species with leaves longer than 6 cm [6] .
By contrast, we find that conifers-which have slender needle-or scale-like leaves-are significantly smaller. The data plotted in Fig. 1 represent leaf size from 519 species in six families and were obtained from The Gymnosperm Database [15] . All values and source references are available in the supporting online material (Table S1) [16] . With few exceptions, a typical maximal and minimal value of leaf length is given in The Gymnosperm Database. In Fig. 1 we plotted the mean of these two values, with the horizontal line indicating the full range. For 37 species only one typical value was given in the database, in which case we used this value instead of The median leaf length is 2.3 cm, 75% of species have leaves shorter than 6 cm, while 97.5% have leaves no longer than 23 cm. Inset shows a histogram of the mean leaf length divided into bins of 3 cm. Note that leaf length is approximately exponentially distributed (solid line shows exponential fit as a guide to the eye). Data and source references are available in the supporting online material, Table S1 [16] . the mean. The leaf length L has median value 2.3 cm, 75% of species have leaves shorter than 6 cm, and 97.5% have leaves no longer than 23 cm. Moreover, leaf length follows an approximately exponential distribution characterized by a high density of species at short leaf lengths. As stated previously, the reason for the clustering of sizes in the range below 6 cm is unknown.
B. Efficiency of sugar export
To explore the biomechanics of sugar export from slender leaves, and to rationalize the limits to their size, we proceed by considering a mathematical model for sugar transport in conifer needles. Our approach follows previous models applied to describe aspects of long-distance sugar transport in plants [17] [18] [19] [20] , suction-driven flow in roots [21] and leaves [22] , and transport in long narrow epithelia channels which absorb or secrete fluids [23, 24] .
Plant leaves capture energy from the sun and store it in the chemical bonds of sugars. These energy-rich molecules are distributed to distal parts of the plant and used in processes essential to cellular metabolism, organism growth, and reproduction. Sugar transport takes place in phloem cells which form a continuous microfluidic channel network from leaf to root. The current hypothesis for phloem transport dates to the 1920s when Ernst Münch proposed that gradients in cell turgor pressure drive the bulk flow of sugars and other solutes from sources to sinks [25] . Sources are regions of the plant where photosynthesis (or the breakdown of starch) results in high concentrations of sugars and thus large turgor pressures due to osmosis. In contrast, sinks are regions of the plant where mitochondrial respiration and the incorporation of sugars into larger molecules reduces the concentration of osmotically active solutes and thus lowers turgor pressures. According to the Münch hypothesis, transport through the phloem results from these osmotically generated differences in pressure and occurs without any additional input of energy. In needles, phloem tubes are situated inside vascular bundles
Most of the 5−50 bundled tubes that run in parallel span the entire length of the needle [26] . We therefore treat the dynamics of phloem transport in each conduit separately, assuming no interactions or exchange of material between adjacent channels. Our goal in the following is to quantify how quickly sugars can be removed (exported) from a needle, and how the efficiency of the process depends on the size of the needle and of the phloem conduits.
Sugar molecules are produced in the mesophyll by photosynthesis and subsequently diffuse into the phloem conduits. To quantify how quickly they can be exported, we consider a simple model of osmotic transport in a microchannel [ Fig. 2(c) ]. The presence of sugar molecules in the phloem cells leads to an osmotic flux of water J = L p (RT c − p) across the cell membrane, where c is the concentration of sugar, R is the gas constant, T is temperature, p is cell turgor pressure, and L p is the membrane permeability. Due to the uptake of water, the flow velocity u(x) inside the conduit builds up along the x-axis from the tip of the needle at x = 0 [where u(0) = 0], as
where the parameter r is the conduit radius [27] . Sieve tubes in needles are relatively small, with conductive areas in the range A = 3-10 μm 2 [9] [ Fig. 2(d) ]. These export conduits are quite narrow when compared to tube sizes observed in leaves of flowering plants (e.g., A = 16.2-89.5 μm 2 and A = 12.9-29.9 μm 2 in maize and barley [28, 29] ) and also in stems of both gymnosperms and angiosperms (A ∼ 500-1000 μm 2 [6] ). Conservation of sugar mass leads to the continuity equation
where γ is the amount of sugar loaded from the mesophyll into the phloem per unit volume and time. The sugar export flux from the needle-and its dependence on physical parameters-can be determined from a solution to (1) and (2) with appropriate boundary conditions. This will allow us to ascertain the efficiency of the process under various conditions. c = const. In the following, we therefore seek to compute the total sugar flux out of the needle = u(L)c(L), where the position x = L corresponds to the needle base. We also determine the local loading rate γ (x), which measures how much each part of the needle contributes to the production and export of energetic sugars. Finally, we determine the conduit pressure p(x).
Before proceeding, however, we make two simplifying assumptions. First, we assume that the pressure variation and the flow velocity along the conduit are related by Darcy's law, dp/dx = −8ηu(x)/r 2 , with η 4 mPas the viscosity of the fluid [30] . This is reasonable because the channel aspect ratio r/L ∼ 10 −4 is small, and hence the lubrication approximation is valid. Second, we assume that the sugar concentration c(x) = c is constant inside the conduit. Sugar molecules produced in the mesophyll are loaded into the phloem conduits by either protein pumps or by bulk flow and diffusion through plasmodesmata nanopores [31] . Evidence suggests that plasmodesmata transport is the dominant mechanism in needles [32] . Our analysis, however, does not depend on details of the loading mechanism, as long as it is able to preserve a constant concentration inside the conduit. Presuming that diffusion is the slowest of the relevant transport processes, the assumption c = const therefore at most requires that sugar molecules which are advected by the bulk flow along the needle can be quickly replenished by radial diffusion, i.e., that the Peclet number Pe = ur/D < 1. Using typical values (u = 5×10 −5 m/s, r = 10 −6 m and D = 5×10 −10 m 2 /s) we find Pe = 0.1 in accord with the assumption c(x) = const.
With these simplifications, the governing equation (1) becomes
The solution for the flow velocity u(x) with boundary condition
where p(L) is the pressure at the needle base, and the nondimensional Münch number M = 16ηL p L 2 /r 3 characterizes the relative importance of viscous and membrane flow resistances. The outlet pressure p(L) can be determined from the sink (e.g., root) pressure p sink and the hydraulic resistance of the stem R stem . This leads to p(L) − p sink = QR stem = πr 2 u(L)R stem . An explicit expression for the pressure can be obtained from (4), which leads to
where we have assumed water potential equilibrium at the sink p sink = 0. We note that (4)-(5) are in accord with Eq. (1) of Ref. [33] when M 1, i.e., for relatively short leaves. From the expression in (4) we can compute the loading rate γ (x) = cu and pressure p(x) from (1):
For small values of M (corresponding to, say, a short and wide tube), the velocity u is a linear function of x, pressure decreases gradually, and the loading rate γ = cu is constant throughout the needle (Fig. 3 ). Each part of the needle thus contributes equally to the sugar export. In contrast, the situation is completely different when M is large, relevant for example in a long and narrow tube. In this case, the velocity profile is strongly nonlinear and characterized by a stagnant zone at the needle tip. Near the base of the needle the speed u and loading rate γ both grow exponentially with position; 
u(x)/u(L)
1]. Likewise, the pressure gradient is localized close to the needle base. In the limit of large M, the contribution from each part of the needle thus varies strongly, and the most significant contribution comes from a region closest to the needle base. The size of this region is the intrinsic length scale of the exponential,
where we used the definition of the Münch number. Remarkably, this effective needle length L eff is independent of needle length L as well as the sugar concentration c. We note that related models have been analyzed in the context of long-distance sugar transport in plants [17, 18] and to model transport in epithelia channels [23, 24] . These systems, however, are characterized by a separation of scales, where material is added to the channel in a relatively short active portion of the channel of known length. In contrast, material is added along the entire channel in our system, and the size of the active region L eff is an emergent property of the system. Moreover, we note that the active part of the channel is towards the needle base (Fig. 4) , and not towards the tip as assumed in Segel's standing gradient problem [23] . It is interesting that the expression for the effective length is independent of the concentration c. In fact, one can take c = 0 and drive the fluid through the porous walls by making the pressure inside the tube smaller that the external one. This is what happens in the xylem of plant roots, where suction-driven flow facilitated by leaf transpiration leads to similar phenomena [21] .
The total sugar flux leaving the needle = cu(L) allows us to gauge the relative performance of different needle designs as a function of the system parameters [using (4), (8) , and the definition of the Münch number]:
From (9) we again find that the effective length L eff is the characteristic size above which sugar export no longer scales linearly with needle length and very little can be gained by a further increase in length (Fig. 4) . For instance, increasing needle size to 10L eff only increases sugar export by a factor 1.3. The existence of a stagnant zone for lengths larger than L eff is not restricted to the flow in a single tube with a constant concentration. In fact, one can show [34] that a system of coupled tubes will behave in essentially the same way, although the details depend on exactly how the tubes are distributed. Modeling the phloem of the needles as a stack of coupled tubes [9, 22] , distributed as a power law such that
is the number of sieve tubes at distance x from the tip, one finds expressions for the velocity and the flow rate, again using the constant concentration approximation [34] , which are completely analogous to the single tube results given above, when the factor sinh (
where b = (a + 1)/2 and I b is the modified Bessel function of order b. The modified Bessel functions are very analogous to the hyperbolic functions found for a single tube, and again the characteristic length is
The assumption of constant sugar concentration is essential for deriving the analytical results presented so far. This is an approximation which has been made before (e.g., in Ref. [33] ). In Ref. [9] a different approximation is made: that of constant loading. For small needles the result is the same. As seen in Fig. 3(b) , constant concentration does lead to a roughly constant loading rate as long as L ∼ L eff . When L L eff , which is rare in needles according to our results, the constant loading assumption is untenable, since the pressures near the tip of the needle would build up to unrealistic heights. As mentioned above, we assume that the available pressure is always limited by the cell's osmotic pressure, i.e., p RT c 0 , where c 0 is the largest feasible concentration. Moreover it turns out that the case of constant concentration used here gives the maximal possible sugar export: If we assume that the plants can only generate concentrations up to some maximal value c 0 , then the flow with c(x) = c 0 everywhere will have the largest velocity (see Appendix), and therefore the largest sugar export (L) = c(L)u(L). Obviously, it would be very interesting to know how well the assumption of constant concentration describes real needles.
We end our analysis of sugar export by briefly discussing the physical reason for the existence of the effective length (8) and its dependence on system parameters. The pressure gradient generated by the flow is set by viscous Darcy friction dp/dx ∼ uη/r 2 , but the maximum pressure attainable is the osmotic pressure RT c. This means that the pump can only sustain a flow speed u over a distance which obeys RT c/ ∼ uη/r 2 . The velocity itself, however, also depends on the factor RT c through (1), hence its maximum value scales as u ∼ L p RT c /r. This sets an upper limit to the pipe length which can carry osmotic flow set by the scaling law ∼ r 3/2 /(ηL p ) 1/2 , in accord with (8) . It is quite surprising that the magnitude of the effective length does not depend on the available pressure differential p = RT c (and hence sugar concentration c). This appears to be an intrinsic property of the osmotic flow process, where the Darcy pressure gradient is the result-and not cause-of the liquid flow.
In summary, we have shown that sugar export is influenced by a number of factors, including needle length. We have determined that a characteristic needle size exists which controls the efficiency of sugar export, and we have shown that if the needle length L exceeds L eff , sugar output does not increase significantly. If these results are applicable to sugar export from conifer needles, we expect to find that L eff provides an upper estimate of their length. This hypothesis is tested below.
III. DISCUSSION
A relatively complete picture of the factors that influence sugar export from conifer needles and similar slender leaves 042402-5 has emerged. First and foremost, we have found that the osmotic flow mechanism used to export sugars imposes fundamental limitations on leaf size. For leaves longer than L eff = r 3/2 /(16L p η) 1/2 , transport efficiency is compromised by the formation of a region of stagnant fluid [(8); Fig. 4 ]. The vascular conduits in the stagnant region cannot contribute to the export of sugars from the leaf, because the pressure required to do so would exceed the osmotic pressure. We note that the intrinsic active length scale L eff is not expected to emerge from an analysis of the related standing gradient flow problem [23, 24] , because that analysis assumes loading occurs in a known, relatively short, region of the channel.
The diversity of leaf sizes found in nature provides an ideal opportunity to test the generality of the results demonstrated by our analysis. When compared to the prediction that the effective leaf length L eff provides an upper limit to leaf length [see (8) ], our theory gives an upper bound L eff = 5.0 cm, obtained with r = 2 μm, L p ∼ 5 × 10 −14 m/s/Pa, and η = 4 mPas [8, 17] . We note that the effective length L eff ∼ r 3/2 is sensitive to variation in conduit radius r. The range of observed values is r = 1 μm to 3 μm corresponding to effective lengths between L eff = 1.8 cm and L eff = 9.2 cm. The predicted L eff correlates with the median length of conifer needles (Fig. 5) . Moreover, the observed needle length in species where the conduit dimensions are known is in reasonable accord with theoretical predictions [Fig. 2(d) ], with the notable exception of Pinus palustris, which is significantly longer than predicted (see discussion below).
From an evolutionary perspective, we note that conifer leaves most likely evolved once and are homologous in different conifer families (Fig. 5 ). Thus it might not be surprising that despite conifers covering a wide range of geographic and environmental conditions [35] , their leaves remain highly constrained in length, presumably due to the small radius of phloem tubes. Such a constraint results in an effective limit on sugar export rate from a single leaf, and if high productivity and competitive growth rates of trees have to be achieved, it can only be realized by an increased leaf number per stem length, as observed in conifers [36] [37] [38] .
Our results could thus help rationalize the recent observation that conifers have significantly smaller leaves than angiosperms [2] and provide a biophysical explanation for this intriguing difference between the two largest groups of plants. Several exceptions to the rule are found in the genus Pinus, which has a number of species with needle lengths exceeding L eff , suggesting the presence of other trade-offs associated with length than the stagnant-zone effect. This particular inefficiency might be an adaptive trait related to the evolutionary history of the genus. Although the genus Pinus evolved in the Cretaceous, major species radiation occurred with the evolution of grasses and grassland ecosystems in the Miocene [35, 39] . Thus this radiation could be interpreted as a response to newly emerged competition. In the juvenile phase fast-growing, long needles would be best suited to compete with long leaf grasses, where the tip is the most productive part of the leaf. Once off the grass layer, needle length is reduced by a significant fraction, in the case of Pinus palustris by a factor 1/2 from approximately 45 cm to 20 cm. Though still representing significant deviation from L eff , such a reduction suggests a developmentally limited but significant improvement of the needle's efficiency. We note that angiosperm leaf lengths in maize and barley (which are approximately linear in architecture) are consistent with predictions from (8); although the limited data set on phloem radius sizes does not allow us to draw definite conclusions [28, 29] , this suggests that the inefficiency of Pinus is only limited to this genus and not related to leaf shape.
Our analysis assumes a constant sugar concentration in the leaf phloem, a premise that could be tested using techniques developed to extract phloem sap from sieve elements [40, 41] . Moreover, our model predicts patterns of sugar loading rates γ , which are a function of needle morphology (Fig. 3) . The loading rate γ depends on the local sugar production rate and on the rate of starch accumulation. Using a combination of leaf gas exchange system and starch analysis [42, 43] it appears technically feasible to test the prediction that loading rates are lower at the tip of long needles, when compared to rates at the base (see Figs. 3 and 4) .
We end by emphasizing that efficient sugar export from leaves is one among many factors that allows the organisms to survive natural selection, physiological challenges, and competitive exclusions. Several environmental effects (e.g., wind, snow load, drought, light level) were previously used to explain limits to leaf sizes, their morphology, and the relative performance of species in particular environments [4, 44] . Trade-offs are associated with each trait, and no single globally optimum strategy exists. Hence needles longer than 5 cm can exist, although we expect them to be rare. However, the intrinsic physiological properties role of transport has not previously been considered. We also note that our simplified model of sugar transport does not include details of several potentially important factors, including photosynthesis, sugar loading [32, 45] , and interactions between adjacent phloem conduits [9] . Consideration of these factors could improve prediction of size limits for particular species; nevertheless, the presented mechanistic model explaining upper bound to leaf size in conifers offers insight into the role of phloem physiology on morphology in conifers, and to our knowledge such an approach has not been found prior to this work. 
APPENDIX
We show in the following that the constant concentration profile c(x) = c 0 does indeed lead to the highest flow velocity at the end of the conduit u(L), if c 0 is the maximum concentration the plant can generate. If we start again from (1) and assume any concentration profile c(x), the governing equation is 
If c can never exceed c 0 , the integral in (A3) can never give a positive contribution to the output velocity. The maximally achievable velocity is therefore the one found for the constant concentration case, u(L) c=c 0 [see (9) ].
